We predict s−wave elastic cross-sections σ for low-energy atom-molecule collisions with kinetic energies up to 40 mK, for the 4 He collision with weakly bound diatomic molecules formed by 4 He with 7 Li, 6 Li and 23 Na. Our scattering calculations are performed by using diatomic and triatomic molecular binding energies obtained from several available realistic models as input in a renormalized zero-range model, as well as a finite-range one-term separable potential in order to quantify the relevance of range corrections to our predictions. Of particular relevance for possible experimental realization, we show the occurrence of a zero in σ for the collision of cold 4 He on 4 He− 23 Na molecule below 20 mK. Also our results for the elastic collision 4 He on 4 He− 6,7 Li molecules suggest that σ varies considerably for the realistic models studied. As the chosen molecules are weakly bound and the scattering energies are very low, our results are interpreted on the light of the Efimov physics, which explains the model independent and robustness of our predictions, despite some sensitivity on the potential range.
I. INTRODUCTION
The Efimov effect [1] is a peculiar pure quantummechanical effect, expected to occur in a three-body quantum systems, manifested by an increasing number of three-body bound states when the absolute value of the scattering length of a two-body subsystem is approaching to infinite. This effect have a long tradition of studies in nuclear physics context, being sometime mentioned as Thomas-Efimov effect [2] , considering its relation to another property of the three-body Schrödinger formalism noticed by Thomas [3] in 1935, when investigating the origin of the nuclear forces between nucleons. By considering a non-relativistic two-boson interaction supporting one bound state, he observed that the three-body groundstate will collapse to −∞ in the limit when the range of the interaction is zero. This observation was essential for the first conclusions on the range of about one femtometer of the nuclear forces. Besides the fact that the initial investigations on Efimov states in nuclear physics have been limited to theoretical approaches not experimentally realizable (as the two-body interaction is fixed), we should notice some theoretical efforts in given evidence that some well-known states could eventually be considered as manifestations of Efimov states, by considering the behavior of such states when varying the potential parameters such that the two-body interaction is driven to the unitary limit. In particular, this is the case of the original proposal that the virtual state of the s−wave spin doublet trinucleon system is an Efimov state [4] . The interest on verifying manifestations of Efimov physics in nuclear physics came much later with the discovery of exotic nuclei [5] having two neutrons far apart from a core [6] [7] [8] . Since then, extensive investigations on universal aspects of light halo nuclei are available, in the context of Efimov physics, which can be traced by several reviews. For that, we can mention the Refs. [9] [10] [11] [12] [13] , in which the updated review on halo-nuclei description of Ref. [13] is exploring the effective field theory approach. In view of the limitations to observe indications of Efimov effect coming from nuclear physics aspects, most of the initial theoretical studies on Efimov states have been considered three-atom systems, by using realistic interatomic interactions [14] [15] [16] [17] [18] [19] . The trimer of 4 He, due to the very weak binding of the corresponding dimer, was long-time predicted in 1977 to present an Efimov state in Ref. [14] , on the basis of a three-body calculation in momentum space using Faddeev formalism. Their investigation was followed by several other related works done in the same period [15, 16] . Later on, in another independent work within the Faddeev scheme, Cornelius and Glöckle [17] confirmed the existence of two bound states for the 4 He trimer, with the weakly-bound excited state having the property of an Efimov state. The existence of the weakly-bound excited state in helium, stablished in Ref. [17] , also proved to be a good test for the predicting power of the scaling approach presented in Ref. [19] (essentially the same result is obtained). The search of Efimov states in such a system [20] [21] [22] [23] [24] [25] [26] [27] [28] has been motivated by the remarkable small binding energy of the 4 He dimer: B4 He2 = 1.31 mK [29] . Finally, in 2015, it was reported in Ref. [30] , the experimental observation of this long-time predicted Efimov state. The experimental success in verifying such long-time theoretical prediction, together with the results of previous experimental investigations of Efimov physics in coldatom laboratories [31] , which are extended to mixed atomic-molecular combinations [32] , became highly motivating for more deeper theoretical studies with single or mixed atomic species [33] [34] [35] [36] [37] [38] . Quite remarkable are the advances in the laboratory techniques, such that one can even consider the possibility to alter the two-body interaction by using Feshbach resonance mechanisms (originally proposed in the nuclear physics context) [39] . In ultracold atom experiments, the possibility of changing the two-body scattering length was shown that can alter in an essential way the balance between the non-linear first few terms of the mean-field description which is modeling the atomic Bose-Einstein condensation [40] .
In the present work, by following previous studies on triatomic molecules involving the Helium atom, in particular considering available results reported in Ref. [41] for realistic interactions, we are studying the cold atomdimer elastic collision. Our study is focused in the cases where the three-body system is composed by a mixture with 4 He and another atomic species chosen as being 6 Li, 7 Li, and 23 Na. In all the cases, we assume 4 He as the colliding particle with the dimer formed by the remaining two-body subsystem. For the present study, we consider the Faddeev formalism using finite-range separable two-body interactions, as well as the renormalized zero-range (ZR) model [8] . The main observables that we are concerned as relevant for possible experimental investigations, are the s−wave phase-shifts and the elastic s−wave cross-section for different colliding and dimer energies. In order to help us the analysis of the s−wave elastic scattering amplitude, the results for the absorption parameter are also presented in some relevant cases.
As we are concerned with relatively low kinetic colliding energies, with the lowest partial wave being more relevant for the Efimov physics, we focus our study on the s−wave contribution to the total cross-section. The corresponding contributions due to higher partial waves, such as from p− and d−waves, which should appear for increasing kinetic energies, are left to be explored in a future related investigation. However, as it will be shown here, the more interesting outcome is verified for kinetic energies where s−wave is expected to dominate.
In the next section, we present the formalism. The main results with corresponding discussion are given in section III. In section IV we have our final remarks and conclusions.
II. FADDEEV THREE-BODY FORMALISM
In the present section, we fix our notation and include the standard formalism for the elastic scattering amplitude of a particle α colliding to a dimer (αβ), which is formed by the same particle α with another particle β. For convenience, as explained in our introduction, we choose α as the 4 He atom, with β being 7 Li, 6 Li, or 23 Na. In the following formalism, we are always considering that the three-body system (ααβ), as well as the subsystems (αβ) and (αα) are bound, such that we can take advantage of the corresponding available data as inputs coming from different realistic models, as well as from experimental considerations. Therefore, everywhere along this presentation we are assuming as fixed the 4 He 2 binding energy and corresponding scattering length, such that E αα = −B αα = −1.31mK and a αα =100Å. The other input binding energies are obtained from specific models, which will be discussed. In particular, we should noticed the good agreement among most the realistic models on the other dimer binding energies αβ, such that the discrepancies coming from model results are mainly verified for the respective three-body energies.
In the formalism, following Ref. [42] , we assume units such that = 1 (with energies given in mK), with m ≡ m α = m4 He and a mass ratio which is defined by A ≡ m β /m α , such that µ αα = m/2 and µ αβ = Am/(A + 1) are the reduced masses for the αα and αβ subsystems, respectively, with the corresponding three-body reduced masses given by µ α(αβ) = m(A + 1)/(A + 2) for the α − (αβ); and µ β(αα) = m(2A)/(A + 2) for the β − (αα). The bound-state energies for the two-and three-body systems are given by E αα ≡ −B αα , E αβ ≡ −B αβ and E 3 = −B 3 , respectively; with the energy of the s−wave elastic colliding particle given by E k . In the following, we first recover the bound-state three-body formalism, restricted to the s−wave case when all the sub-systems being bound. Next, by introducing the appropriate boundary conditions we extend the formalism to atom-dimer collision.
A. Three-body ααβ bound-state
The bound-state coupled equation for separable potentials is usually written in terms of the spectator functions for the particles α and β, given by χ α (q; E 3 ) χ α (q; E 3 ). For s−wave, this coupled equation is given by
where χ α (q) ≡ χ α (q; E 3 ) and χ β (q) ≡ χ β (q; E 3 ). τ α and τ β are the respective two-body t-matrix for the αβ and αα subsystems, with K 1 and K 2 being the appropriate kernels, which will be explicitly given in the following according to the kind of form-factors one considers for the two-body interactions.
By considering the definitions
with j = α, β, τ j , χ j and the coupled Eq. (1) can be conveniently redefined. As both subsystems are bound, we have
with
.
The expressions forτ j and kernels K 1,2 are given in the following subsection C, by considering the specific potential models that have we are using.
B. Atom-dimer collision
For the scattering of a particle α by the αβ bound subsystem, we should first redefine the expression for τ α given in Eq. (3) (considering that k
. Next, the formalism is extended to obtain the scattering amplitude by introducing the required boundary condition. For the s−wave, this condition is given by
where k α is given by Eq. (2), with E 3 > 0 in this case. So, the coupled equations (4) are replaced by
C. Zero-range and finite-range interactions with corresponding kernels
When using zero-range interactions, a momentum cutoff is required to regularize the formalism, within a renormalization procedure. For that, in the kernels a subtraction procedure is used with a regularizing momentum parameter µ, such that the kernels K 1,2 andτ j used in the formalism are given by
where
For finite-range interaction, we assume a rank-one separable Yamaguchi potential, given by
where ij = αα or αβ, respectively, for the αα or αβ twobody subsystems. λ ij and γ ij refer to the strength and range r ij of the respective two-body interactions. As in the present approach we consider only bound (negative) two-body subsystems, E ij = −B ij , the corresponding relations for the strengths and ranges are given by
In this case, K 1,2 andτ j are given by the following:
In our approach, the parameters of the separable interactions are fixed by the corresponding bound-state energies, as well as by the effective ranges (when considering finite-range interactions). Finally, the scattering observables, s−wave phase shift δ 0 , cross-section σ, and absorption parameter η are obtained by using the on-shell scattering amplitude h α (k; E 3 ), considering that
where S α is the scattering matrix for the elastic s−wave channel and η ≤ 1 is the absorption parameter.
III. RESULTS
In this section we present our main results and analysis for the scattering of an atom 4 He colliding with a weakly bound diatomic molecule composed by 4 He with 6,7 Li or 23 Na. In this regard, by considering that the two-body subsystems in this study are weakly-bound, the relevant low-energy observables that we focus on are the s−wave cross-sections, which are directly related to the s−wave phase-shifts δ 0 , and the corresponding absorption parameter. For that, we use different two-body interactions, namely the renormalized zero-range model and a finiterange model given by one-term separable Yamaguchi potential. In both cases, we assume as inputs the available binding energies from different realistic model calculations. In the case of the ZR model, the inputs are introduced in the renormalization procedure; whereas, for the finite-range case, the inputs are used to adjust the parameters (range and strength) of the Yamaguchi potential.
A.
4 He2− 6 Li. Our results for the excited three-body boundstate energies (reduced by the corresponding two-body bound-state energies), obtained by the ZR and Yamaguchi models, are shown in the two frames of Fig. 1 as a function of the two-body binding energies.
As shown in the left frame of Fig. 1 In Fig. 1 are shown results for particular examples, considering the given binding energies, of the universal scaling behavior theoretically found for weakly-bound triatomic states when considering two-species atomic systems close to the Efimov limit, where the sizes of the ground state trimer and dimers are much larger than the interaction range. Such situation is associated with a large probability of occupation of the classically forbidden region dominated by the dynamics of free Hamiltonian, scale invariant and model independent. The correlation between the excited triatomic binding energy and the ground state comes from the breaking of the continuous scale invariance to a discrete one, which translates in a universal scaling function as the limit cycle of the discrete Efimov scaling [19, 43] , when the range of the interaction is driven towards zero (see, e.g., the reviews [12, 13] ).
The interaction range allows more room to the formation of the Efimov state, namely the critical value of the 4 He-6,7 Li molecular binding can be somewhat larger, as one can see in Fig. 1 through the comparison between the ZR and Yamaguchi potential results. The effective range expansion says that the scattering length for a given dimer binding energy increases with the effective range as
which shows that the cut of the tail of the attractive Efimov long-range potential should increase with the effective range. Therefore, the formation of the large triatomic excited state is favoured when the range of the short interaction increases, in the situation where ground state energy is kept fixed. The scaling plot shown in the figure was first derived and presented in Fig.2 of Ref. [19] for trimers composed by identical bosonic atoms. A general study of the universal three-particle behavior, with two kind of particles, was previously presented in Ref. [8] . We complement the plots shown in Fig. 1 with Table I , where realistic values for the two-body subsystem (given in the 2nd and 3rd columns) and for the three-body ground-state energy (4th column) are shown from Refs. [18] (also considered in Ref. [23] ) and [41] . In the second block of the table we have the corresponding predicted three-body excited states, with the values obtained in Ref. [41] given in the 5th column. Our corresponding results, when using the two-and three-body binding energies given in the 2nd and 4th columns, are presented in the 6th and 7th columns, by using the zero-range and finite-range approaches. In all these cases, the binding energy of the 4 He is B αα = 1.31mK, with the corresponding scattering length being a αα = 100Å.
TABLE I. For the three-body molecular systems identified in the first column, given the two-body energies and scattering lengths in the 2nd and 3rd columns and the threebody ground-state energies in the 4th column, as given in Ref. [41] , we have the first excited bound-state energies in the 5th to 7th columns. In the 5th column the results are from Ref. [41] . Our results for the excited states, using zero-range (ZR) and finite-range one-term Yamaguchi (FR) interactions, are shown in the 6th and 7th columns. In our notation, α and β are identifying, respectively, the 4 He and the other atomic species ( 6,7 Li, 23 Na). In all the cases, for the 4 He dimer, we have the well-known value Bαα = 1.31, with the scattering length being aαα =100Å. In order to pursue our aim in studying the atom-dimer systems with α ≡ 4 He as the projectile and dimers αβ, where β ≡ 7 Li, 6 Li, and 23 Na, in the next we provide the Tables II and III, which we have considered to calculate the corresponding elastic atom-dimer s−wave crosssections.
In Table II , we present available two-and three-body ground-state binding energies (absolute values, given in mK), obtained from different realistic potential models, (a1) to (a8), for the atomic system we are studying with α = 4 He, β = 7 Li, 6 Li and 23 N. Specifically, (a1) is from [41] ; (a2) from [18] , with interactions from [44] ; (a3) from [25] , with potentials from [45, 46] ; (a4) from [25] , with potentials from [47] , for αα and [46] , for αβ; (a5) from [24] , with potentials from [48, 49] ; (a6) from [25] , with potentials from [48] ; (a7) from [27] , with potentials from [49] , for αα and [46] , for αβ; (a8) from [28] . These energies are used to adjust the parameters of our zero-range and finite-range (FR) separable interactions. [41] ; (a2) from [18] ; (a3), (a4) and (a6) from [25] ; (a5) from [24] ; (a7) from [27] ; (a8) from [28] . These data are being considered as inputs in our numerical approach on the atom-dimer collision.
(a1) (a2) (a3) (a4) (a5) (a6) (a7) (a8) 
Exploring parameter dependence
In the present study on scattering observables for the elastic channel of an atom and diatomic molecule collision, we start by presenting some general results when considering that the binding energy for the αβ subsystem can be arbitrarily varied, keeping fixed the other twoand three-body binding energies. To explore the general features of this parameter dependence, both in the case of the ZR and Yamaguchi models, we use the example of the atom α ≡ 4 He colliding elastically with the dimer (αβ) ≡ ( 4 He− 7 Li ). The results, obtained by using zerorange and finite-range one-term separable interactions, are shown for the s−wave cross-sections and corresponding absorption parameters, respectively in the upper and lower panels of Fig. 2 , as functions of the collision energy E k in the rest frame.
The comparison between the ZR and FR results in Fig. 2 shows quite similar results when the two dimer binding energies are comparable, such that B αβ 5B αα . However, as expected the interaction range starts to be more relevant for larger values of B αβ . The present results are evidencing that, as we increase B αβ for a fixed ground state triatomic molecular binding energy, a minimum starts to emerge in σ, which have the tendency to move towards some value of E k as B αβ increases. This behavior is quite clear when using finite-range interactions, as the range parameters are more relevant to obtain correctly the scattering observables. Possibly such curious property is due to the less efficient role of the decreasing a αβ in cutting the long range potential as compared to the larger a αα .
We should also noticed a cusp in the plots at energies E k = B αβ − B αα , corresponding to the position where the new channel is open. For E k > B αβ − B αα , we are verifying the effect of the absorption, as shown in the lower panels, where we notice that η tends to saturate with the energy. This is clearly shown in the case that B αβ =2 mK, implying that for E k B αβ there is no more possibility to increase the absorption.
The comparison between the results of ZR and Yamaguchi models in Fig. 2 for the 4 He-( 4 He− 7 Li ) s−wave cross-section show more less cases of minima for the ZR calculations. This curious effect can already be thought as being reasonable, because when the effective range is considered a αβ increases for a given B αβ (c.f. Eq. 20), and therefore there is more room for the log-periodic behavior of the wave function establish a zero in δ 0 for the Yamaguchi potential when compared to the ZR model. Notice that, the zero turns to a minimum if above the threshold to open the rearangement channel, which we notice by the cusp for energies below the minimum.
The appearance of zeros in the elastic s−wave cross sections is traced back to the dominance of the logperiodic behavior of the scattering wave function inside the long-range Efimov potential, extensively discussed in [38] . Of course as the scattering lengths moves to larger values more cycles of the wave function appears in the Efimov potential is possible, allowing the presence of zeros in the cross-sections and the maxima. However, on the other side this phenomena concentrates on small values of the kinetic energies, as the opening of a scattering channel tends to washout these minima, as the probability flux is driven to new open channels.
Realistic
4 He-7 Li and 4 He-6 Li parameters
By using different realistic model inputs for the 4 He-7 Li and 4 He-6 Li dimer binding energies, as given in Table II, the results for the cross-sections are shown in Fig. 3 , respectively, in the upper and lower panels. In both the cases, we consider zero-range (left panels) and finite-range (right panels) interactions which are fitting the respective binding energies presented in Table II .
We should observe the characteristic behavior of the plots in Fig. 3 when the collision energy E k is very small approaching to zero. For the case that the two-body binding energies for for 4 He- 6 Li are very small, as the ones provided by the models from Refs. [18] and [24] [identified by (a2) and (a5), respectively] , we notice that each curve of the cross-sections are presenting a maximum for E k < 1 mK. Such behavior can better be un- He by the αβ ( 4 He− 7 Li) system as a function of the kinetic energy E k of the projectile in the center-of-mass system. The results are given by using zero-range potential in the left frames; and by using Yamaguchi separable potentials in the right frames. In our parametrization, the binding energies of the subsystem 4 He2 and three-body ground-state are, respectively, fixed to Bαα =1.31 mK and B3 =79.36 mK, considering several binding energies for the subsystem αβ, as given inside the frames.
derstood by scaling all the energies (E k and the twobody binding energies), using the corresponding threebody ground-state energies, as it was done in Ref. [38] . As learned from the studies for atom-molecule collision at very low-energies performed in Ref. [38] , when considering small enough values for the sub-system binding, as E k is decreased, one should observe maxima and minima in the corresponding s−wave cross-section.
This behavior can be seen in the two cases that we use as inputs dimer energies B αβ very small in comparison with the three-body ground-state energies. Indeed, when the two-body energy are close to the unitary limit, the cross-section should present a series of maxima and minima, for enough small values of E k , in the limit that the mass ratio m α /m β becomes very small, with similar behavior as the Efimov excited states (see [38] ). However, in our present case, no more than one maximum is observed in each curve, because the mass-ratios are not enough small as the ones considered in Ref. [38] . Therefore, the curious behavior observed in two plots shown in the lower panels of Fig. 3 (when using 6 Li) is a manifestation of the same singular behavior for the scattering function k cot δ 0 , long-time known from neutron-deuteron studies [50] and recently studied in Ref. [38] .
We call the reader attention to the minimum in the cross section produced by the input parameters of the model (a2) with the Yamaguchi potential in the case of the elastic collision of 4 He on 4 He-6 Li molecule as shown by the inset in the lower panel of Fig. 3 . As verified in Ref. [38] , when going to a limit with very small twobody binding, at some specific energies the scattering observable k cot δ 0 turns out to be singular, leading to zeros in the corresponding cross-section. The zero will happen if there is no absorption, which is the case for E k < B αβ − B αα . However, in the present case of the model (a2), B αβ − B αα < 0, such that E k can never be less than zero. As absorption is always possible, instead of a zero we observe a minimum in the s−wave crosssection, which follows from Eq. (18),
such that σ = π|η − 1| 2 /k 2 for δ 0 = 0, characterising a minimum instead of a zero when η = 1. A similar behavior can be seen with the results for σ given by the model (a5). However, as in this case B αβ = 0.33 mK 4 He-6 Li (lower panels). In the left panels we have the results by using zero-range interactions; with finite-range results being presented in the right panels. In both the cases, we use binding energies obtained from different realistic model calculations, as indicated (inside the right upper panel for β = 7 Li and inside the left panel for β = 6 Li) with the corresponding references given in the caption of Fig. 1 . For the model (a2), we also show the results by an inset in the lower-right panel. The finite-range-interaction parameters are given in Table III. is not so small as the value we have from model (a2), the minimum is not clearly characterized in the results of Fig. 3 , but evidenced by a point very close to E k = 0 (see in both lower panels of Fig. 3 the results represented with black squares). About the possible observation of a zero or minimum in the s−wave cross-section for the scattering of 4 He in 4 He-6 Li, it should be disregarded as not being expected from more recent realistic calculations identified by (a1) and (a8) (from Refs. [41] and [28] , respectively).
For the case of the 4 He-7 Li molecule, as shown in the upper panels of Fig. 3 with different models, most of the results for the cross section have similar behaviors, considering that the energies B αβ are not so small in comparison with the three-body ones. The model (a8), given by Ref. [28] , which is showing a minimum in the crosssection for E k near 13 mK, is indicating the minimum of the cross-sections for larger collision energies, as the ratio B αβ /B (0) 3 is increased as already discussed when exploring the cross-section for different inputs in Fig. 2 . Among the models considered with 7 Li, (a8) is the one which provides the larger value for the ratio B αβ /B
3 . As a general remark, we notice that the curves for the cross-sections, for E k 15 mK follows the energy ratios B αβ /B (0) 3 , with the curves in the upper part being the ones with smaller values for this ratio. Fig. 4 for the cross-sections (upper frames) and absorption parameters (lower frames).
We observe the same general features of the elastic s−wave cross-section already pointed out by the results shown in Fig. 2 , namely, with the increase of the binding energy of the subsystem αβ a minimum emerges, at some value of E k . As B αβ increases, the tendency of this minimum seems to converge to some value of E k . This can be seen by matching the binding energies given for 4 He-23 Na in the last line of Table II with the minima appearing in Fig. 4 when considering finite-range results. Also, as noticed in the case of Fig. 2 , the convergence of the minima to some value E k , when using ZR results is not so fast and clear as in case with FR results.
More relevant to eventually future scattering experiments of the 4 He collision with 4 He-23 Na molecule is our conclusion of a minimum in the elastic s−wave cross-section from finite-range interactions within our approach, and using different realistic model calculations as inputs. Considering the more recent realistic model calculations (a1) reported in Ref. [41] , a minimum should occur in the cross-section at a center-of-mass collision energy close to E k ∼ 15 mK. This prediction seems robust as the the ZR model with the same input predict the position of the zero around 20 mK.
IV. CONCLUSION
We predict the s−wave scattering properties of cold 4 He elastic collision with 4 He− 6,7 Li and 4 He− 23 Na molecules for center-of-mass kinetic energies up to 40 mK. Of particular experimental relevance, considering the actual investigations in cold atom laboratories, we show the presence of a minimum in the s−wave elastic cross-section for the 4 He→ ( 4 He-23 Na) scattering. This prediction was based on calculations performed using finite-range separable interactions, where we used recent realistic model results for the molecular bound state energies as inputs to get the model parameters. By using the the binding energies reported in Ref. [41] , we predict that the elastic s−wave cross-section should have a minimum at a center-of-mass colliding energy close to E k ∼ 15 mK. In our approach, we have also obtained the corresponding s−wave absorption parameter, which is relevant for defining the s−wave scattering amplitude.
To access the importance of the range corrections to the phase-shifts and absorption parameters, our calculations were performed with the zero-range model and also a finite-range one-term separable potential. The results present some sensitivity to the potential range when the binding energies for the two-body subsystems are not small enough with respect to the three-body ground-state energy. It is well-known that close to the Efimov limit, namely zero dimer binding energies, the low energy threebody observables are model independent and dominated by few low energy scales, as in our case the diatomic and ground state triatomic binding energies.
The model independence is exemplified in this work with universal scaling plots, considering the correlation of the excited state energy of the 4 He 2 -6,7 Li with the 4 He-6,7 Li molecule binding. Such correlations are pronounced close to the unitary limit, however our examples of cold collisions are not at the unitarity taking into account the realistic potential model results for the binding energies of the di-and triatomic molecules and atom-atom scattering lengths. Despite of that we have shown that while elastic s−wave cross-section presents some sensitivity on the potential range the basic universal predictions are not destroyed, like the robust presence of the zero in the elastic s-wave cross section of 4 He on 4 He− 23 Na molecule, which we expect to motivate experimentalist to observe such a property at the root of the universal Efimov physics.
Finally, we should mention some perspective on further related investigations. First, as stated in the introduction, a direct extension of this work is to explore contribution of higher partial waves in the total cross-section, which are expected to be non-negligible as we move to higher energies. Also relevant, in our understanding, are the possible inelastic processes in the atom-dimer α → (αβ) collision, such as three-body rearrangements going to (αα) + β or total dissociation (α + α + β); processes expected to be significant at the collision energies we have used, deserving a separate detailed investigation.
